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The Special Education Curriculum Development
Center has as its main objective the operation of a
statewide in service training program for teachers of
the mentally retarded. Twenty special class teachers
from different geographic areas of Iowa serve as
consulting teachers. They attend training sessions
in Des Moines and then return to their home area
to conduct field sessions. All materials prepared for
SECDC are intended for dissemination theough the
field sessions conducted by the consulting teachers.
These materials are prepared by the SECDC staff in
response to the suggestions of special class teachers.
Persons who use SECDC materials but do not attend
the field sessions should keep in inind that the pur-
pose of the material is to serve as a starting point
for in service training and that the publications
themselves are not end products.

It should also be noted that any reference to com-
mercially prepared materials by the Special Education
Curriculum Development Center does not constitute
a recommendation or endorsement for purchase. The
consideration of such material is intended solely as a
means of assisting teachers and administrators in the
evaluation of materials.
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The emphasis in this SECDC

document will'be to present math ideas for the teachers of the mentally

retarded or slow.learning child as succinctly as possible. We shall attempt

to give you ideas and materials to use in addition to those that you currently

use in your classes. While it may not appear to be true as you look at the

first few pages of this document, we shall attempt to keep the verbiage to

a minimum while we provide you with examples and samples of math ideas

and materials. Sometimes, the ideas may seem a little incredible and a certain

amount of justification will be necessary to encourage you, the classroom

teacher, to try the ideas in your classrooms.

1

While the ideas will generally be developed from simple to complex,

there will be no attempt to provide a grade level label to the different ideas

p .esented. The classroom teacher must be the judge of when certain types

o ' educational experience will be met with a desired amount of success by

e ch child. The most difficult parts of any instructional program is to know

tt e teachable moment for each child for a specific skill and the desirable

sequence of experiences necessary for optimum learning. The answers to

ix th problems must be found in the classroom with each child. However,

some of the ideas, examples and samples may be incorporated into your

program and help you sequence some learning experiences for some of your

children. That certainly is our intent as we labor to put this document into

a usable form.

B. V.

T. P.
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one
statement of philosophy

While there is not complete

concurrence among the writers as to degree, there is general agreement that

the retarded child, at least in the educable range, is a slow learner rather than

a dull child. We need to do more than go slowly and speak loudly. Rather,

we need to sequence properly and react carefully, even tenderly, to the child

and his problems. The retarded child, like any child, learns best by experi-

en,:ing and finds satisfaction and reinforcement in successful endeavors.
When a child fails to do well on an assigned task, it is unjust to blame the
child for his failure, since at best, the teacher should share in the child's

failure and at worst the teacher is the one who fails by requiring too much
and perhaps teaching too little. Furthermore, placing blame accomplishes

no constructive purpose for the child or the teacher and that should guide

our thinking and our behavior. We believe the retarded child is hurt by
unrealistic expectation early in life and during the first few years of formal
education. This is especially true in math, That statement is not intended

to place blame, because teachers and parents cannot know about all the

degrees and kinds of retardation and how each individual is affected. While

in the early years the expectations tend to be too high, the continual failure
will quite naturally lead the student to low self-esteem and unrealistically
low teacher expectations of the student in the later years which will affect,
in a negative way, learning and a productive life.

It has often been stated in recent years that the retarded have poor,
short-term memory, and this may well be true for the trainables, but we
believe that the eclucables (as do we all) simply have trouble remembering
concepts and skills they really have not learned. We do not believe the
educables need more drill, but they do need variedways to practice their

new skilk. When proper Pid varied practice is not provided, retention for

many retarded children btecomes impossible. To sum up our philosophy,

it takes longer, but it is possible.

1



fundamental operations
in mathematics

Be slow to destroy myths.
If a child believes brown-eyed children have sharper vision and blonds have
more fun, don't get overly excited unless you are a redhead with. blue eyes.
However, always discourage a child from guessing about matters of fact.
If a child does not know that two plus two equals four, he should have a
number of methods available to him to find the truth. Do not reward
random guessing. When a child looks up a math fact from available sources
or computes the correct response to simple number facts, a smile, a touch
or comment is in order.

When children are learning addition facts, they should have ready

access to a number line. It should start with zero and go to twenty. The
number line should be constructed of heavy tag board or lightweight wood,
and if possible should be secured to the top part of the desk. It should
imply both the ordinal (order) and cardinal sense (how much) of the
number system. Color coded line segments should be given to each child
after he knows the counting numbers, and these may be given out in order

of difficulty.
FIGURE 1

Number Line

1 2 3 4

Line Segments

1 2

ADDITION



fundamental operations in mathematics

A child should have at least two of each color-coded line segments so
that he mighfput one and one together or two and two. It would help if
he had a special box in which to keep his line segments and other math

treasures.
As children progress, they should be allowed to develop a color-coded

addition chart using stick-on tabs that follow the same coding used in the
color-coded line segments. For example:

FIGURE 2

I White

0

Blue

1

Pink

2

Red

3

Violet
4

Green

5

Yellow

6

Blue

1

Pink

2

Red

3

Violet
4

Green

5

Yellow

6

Pink

2

Red

3

Violet
4

Green

5 .

Yellow

6

Red

3

Violet
4

Green

5

Yellow

6

Violet
4

Green

5

Yellow

6

Green

5

Yellow

6

Yellow

6

These charts should be developed progressive y as the child masters
the addition facts and the actual color rather than the name for the color
should be used as background for the numeral. If you plan to utilize
Cuisenaire Rods (see Appendix B for listing) at some point in the math
program all color coding should follow that dictated by the Cuisenaire
Rod color coding. As charts are developed, they should be kept in a
place where the child has easy access to them.

During those period'', of the day when you are working on math, a
color-coded overlay shouid be placed on an overhead and shown on a
screen so the children may refer to a teacher-made chart as well as their
own.

Children should not start working with addition until they understand
the concept of numbers as an element of a set. Appendix A has a short
test with directions which should help you determine whether a ch;ld is
ready to work with number combinations.

The child who does not know how to spell a word is often encouraged
to look up the word in a dictionary. A child who does not know a math
fact should also be encouraged to look it up in whatever SOWY:e
We repeat: Discourage the habit of guessing about facts
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fundamental operations in mathematics
5

Over stimulation in modern America may be a problem for some of the
citizens, but most agitated behavior arises when the environment presents
problems that appear to lack solutions. The inability to cope brings on
inappropriate behavior, often of a random nature, seemingly unrelated to
environmental pressures. The solutions come by providing many clues that
help provide correct solutions. Fasten flash cards around the room with the
answers visible to the child when they start learning the number combinations.
It may be wise to keep one wall rather drab and when some child seems to
be over reacting to environmental pressures, turn his desk to that wall.
Otherwise, use your classroom space to present problems and answers in a
form the child will come to understand.

While it is very helpful to learning if the child has a number line and
number charts and the teacher displays number charts and flash cards with
answers for the child to see, it also helps if there is a large number line above
the blackboard or bulletin board for the children to observe and use. It
should be used often for demonstration purposes and have the same color
coding and cardinal number concept (how many) that the child would have
on his own desk top number line.

A sample of a worksheet (Appendix A, Sample Worksheet No. 2)
demonstrates, at least in part, how we would develop worksheets for a primary
grade child who is just beginning to work with addition. First, the worksheets
should not be typed and second, the writing should be large and neat. Third,
it is doubtful that coloring objects in with crayons adds much to number
knowledge, although it does help the child use up his day. This might be
better accomplished with a clean sheet of paper and crayons during a period
of the day set aside for art. It would be a shame if a child failed to learn the
fundamental operations because he lacked the ability to color in boxes. Fourth,
arithmetic periods may happen two, even three times in one day, but the
periods themselves should always be short. In the primary grades, fifteen
minutes is long enough and therefore, assignments or worksheets should
reflect the time allotments. It also helps if you work with a single concept
and have sample problems completed on the worksheet.

You should often arrange work in patterns to give children clues. For
instance, working with odd or even numerals one day and then changing it
the next will help the slow child pattern his thinking. See Appendix A,
Sample Worksheets No. 3 and No. 4 for examples.

FIGURE 3

OC -1- Odd 7-* eveN

even + even even

odd even = odd
Note that odd plus odd equals an even number and even plus even equals an

even number. When a child discovers this he is ready to start counting by
twos. Another type of patterned exercise in addition can be seen in Ap-
pendix A, Sample Worksheet No. 5. The answers may become obvious to
the student, but seeing the relationships helps rather than hinders learning.
Design learning that reveals rather than conceals relationships. Children

9



fundamental operations in mathematics

will learn math best when success is fairly well assured. One hundred per-
cent, day after day, means the material is too easy. Seventy percent on a
rather constant basis indicates the lessons are too difficult. Work for scores
somewhere near ninety percent and you are doing the chiidren and your
profession a good service.

A Count-A-Ladder is available commercially that is a vertical number
line and has pegs that can be pushed through the stand-up wooden number
line. It has many uses and is very helpful in learning the basic operations..
The one significant thing about it is the higher numerals are actually higher
up and this can be helpful to a child who has trouble conceptualizing more
and/or less. It can also be very helpful in learning how to count by twos,
threes, fours and fives. Information on whereto obtain this type of teaching
aid is listed in Appendix B under Edukaid of Ridgewood. This company
also has a film, primarily 'designed for teachers, that demonstrates how their
number line can be used in the classroom. It can be ordered for viewing by
groups of teachers for the Price of the postage.

Long before multiplication is introduced as a new or separate operation,
children should learn how to count and/or add by the twos, threes, fours
and fives. Teachers realize, however, that adding is a binary operation (two
numerals or numbersat a time). In figure four you can see some examples
of problems of addition that will help when multiplication becomes an
important learning exercise.

FIGURE 4

(2 + 2) + 2 = 4 + (4 + 4) =

(3 + 3) + 3 = 5 + (5 + 5) =

Number sentences, like a regular English sentence, are more understandable
if proper punctuation is used.

The operations shown infigu re four are considerably more difficult for
a slow learning child than that of adding or combining two numerals to make
a number, expressed as a numeral and labeled the answer. In the process
listed above, the child combines two numerals to produce a number to add
to a numeral to create a number that must be expressed as a numeral which
may be the correct answer. If this language confuses you, think what those
numerals do to the children. Despite the confusion, it is still better in our
collective judgment to have children learn, first how to count, and then
how to combine, numerals of like value before multiplication is introduced
as a new operation. There are limits imposed by the very nature of language
and number as to how far one can go in the development of problems that
involve the counting or combining of numerals of like value between one
and five. However, by going to the vertical rather than the horizontal lay-
out for problem development, you do eliminate some of the need for
extraneous stimuli found in the punctuation. Figure five shows the same
algorithm using the horizontal and vertical form.

10



fundamental operations in mathematics

FIGURE 5

(a) (5 + 5) + (5 + 5) + 5 = 25 (b) 5

5

5

5

25

I n example (a), figure five, the problem looks difficult and somewhat
complex for the slow learner, while example (b) appears on the surface to be a
much simpler problem, and it very well may be. In example (a), combining
numerals of like value calls for addition which is one of the basic operations
of math. Example (b), on the contrary, may be simply a counting operation
whidh is fundamental to the four basic operations but a lower level of thinking
is involved. Many young children might think of twenty-five as something
older, rather than something more. Often, the young child will even turn this
around and believe the tallest man in the neighborhood is also.the oldest. The
cardinal concept of number (how much) is not easy to comprehend.

To find out what may be going on in the mind of each child, you might
develop a worksheet similar to the one shown in Appendix A, Sample Work-
sheet No. 6. If the student does equally well with both types of algorithms,
it is time to move on to new fields of endeavor. If the child does column B
well and not the other, he may be demonstrating the ability to count by two,
three, four and five, but also that he lacks the ability to quantify data or it
may simply be that too much data (punctuations) over-stimulates and/or
disturbs the child. If he does better with column A than column B the child
.may be indicating that arithmetic is easier to comprehend when all the sen-
tences are read from left to right or that combining is more interesting than
counting or even something else that is beyond our scope of understanding.
Participation is the key to learning. Students almost never go to sleep when
they are talking.

Students do not really understand basic facts until easy verbalization can be
elicited. Children should be given an opportunity 10 demonstrate that they
know that two plus three equals five. Work with real pennies to show that
two plus three equals five. Real money holds their interest and if you want
to work with a large group you can place the coins directly on an overhead

-wassevergerli,J2C.r..ie.IT7VIT.
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MULTIPLICATION

projector and let some of the students observe the shadows while others
work with the substance. Do not use nickels or other coins when working
with the basic facts dealing with units. You can relate the learning of the
basic facts to one penny, one dime and one dollar, but you are likely to
cause confusion if you bring into the discussion nickels and quarters. Our
money system is set up on a decimal basis, but the slow learner is almost
certain to be confused by those coins that do not fit the pattern of units,
tens and hundreds.

Our number system is additive, that is, we add one to.ten and get
eleven. We write it as one ten and one one. Because the system is additive
the most important facts a child should learn, and learn well, are the addition
facts. Subtraction, as one of the four fundamental operations, should be
delaYed as long as possible for it not only undoes addition, it also may undo
some valuable learning. The truth is, we believe that learning multiplication
should follow addition and after that the students should learn subtraction
and division. We understand that this is not in accord with most, if not all,
curricula designed and in use; however, we believe it to be pedagogically
sound, and even more important, it will make the student feel more socially
acceptable. By the time most of the mentally retarded or slow learning
children have mastered the addition facts, their age mates have completed
addition and subtraction and are working with multiplication. When a slow
learning nine-year-old is learning multiplication facts along with age mates,
a feeling of well being and power is likely to develop in the child and act
as a powerful agent in the teaching-learning process.

The rationale for teaching multiplication after addition and before
subtraction was developed after observing adults learn other number bases.
Multiplication involving regrouping appears to be easier to learn than sub-
traction which also involves regrouping. Using the language of traditional
math, it appears to be significantly easier to carry than to borrow. That
point will be discussed in greater detail later.

Problems in Appendix A, Sample Worksheet No. 7, are developed to
show the relationship between ones and tens as they relate to dimes and
pennies. The language of money may cause confusion so children should
probably work together on worksheets similar to the one suggested in _

Appendix A (Sample Worksheet No. 7). Readiness, or at least the check for
readiness, would involve directed questions, such as, 112 plus 5 equa/s 7,
what does 2 tens p/us 5 tens equal? If a child knows, write it down and
have the child write it down on his paper as something he knows. Con-
stantly attempt, with the use of questions, to develop relationships between
dimes and tens, ones and pennies and between ten pennies and one dime.

A child should stay with addition of numerals until he has mastered

all the basic facts -- that includes addition through nine plus nine and also
addition of any single digit numeral to any numeral such as ten, twenty,
thirty up to ninety. He should also learn to add any set of two numerals
that end in zero up to ninety plus ninety. The one concept that you should
try to avoid is regrouping except when you place a one in the tens column'
or a one in the hundred column when adding numerals similar to nine plus
nine or ninety plus ninety. A slow learning child should not be expected
to hold a number in mind for regrouping purposes while adding a set of
numerals until he ic at least nine years old and for many of the educables,
this should be delayed until a child is ten or older. For the so-called average

12



".."1"04Unripassert

fundamental operations in mathematics
9

or normal learner, it is safe to state that numerals confront their senses and

numbers confound their minds during the first eight years of life. The

retarded child is almost certain to know too much frustration if he is ex-

pected to learn a large number of math relationships prior to age eight.

After age eight, at least no later than age nine, your expectation of learning

by the child should increase sharply. This needs to be demonstrated, in

part, by removal of some of the charts and problem and answer cards (flash

cards) that the child may have come to rely on. You can start with the

easy ones and as part of the daily ritual, block out one more section of the

teacher-made addition chart and remove a flash card from the bulletin

board. In effect, you will force the child to internalize data that prior to

this time he had available outside of himself. After a few days of this, you

might have a chart that appears somewhat like the one seen in figure six.

FIGURE 6
1 2 3 4 5

2
r

A
P,

A A
7

3
yr

A
r

A
r.-

A
ad

8

4 9

5 7 8 9 10

6 8 9 10 11

However, never take it all away in a short period of time and nfter let a

child resort to the guessing game. Let him keep whatever learning aids

he may need.
As you slowly remove one set of learning aids, you might just as slowly

introduce a second set. One of the first things a child must learn about math

is that there are four fundamental operations. .If you proceed from addition

to multiplication as we think you should, you can introduce the symbols, or

signs for addition and multiplication, speak of likenesses and differences

and demonstrate simple problems on the number line. Problems, as shown

in Appendix A, Sample Worksheet No. 8, will give you an activity that the

children can do prior to real understanding of multiplication that simply

calls for the child to identify the operation. However, the process is not

a simple one. It will elicit a new type of thinking from most of the children.

First, it involves matching a number (an abstraction) with a numeral to see

if the sum or product is correct. Second, it involves a process where a child

jumps ahead in his thinking and then moves backward fdr his response and

in the case of multiplication, he may be responding inadOquately because of

13
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a lack of trust. The ability to reverse yourself is often difficult for the
young child or the mentally retarded.

FIGURE 7

One, five is five

1 X 5 = 5

One, eight is eight

1 X 8 = 8

Many slow learning children have trouble understanding the concept that
one is the identity numeral formultiplication. To multiply a numeral by
one does not change its identity. You might state that, One cow is how
many cows, and then go on to ask, If you have one five, how many fives
do you have? The chikl has trouble with this because of what he knows.
One plus five equals six, therefore, one times five really ought to be more
than five. Encouraging a child to verbalize problems helps him to order
his life and his world. Many children cannot know what they think until
they say it and, like anything else, saying it once is often insufficient
practice.

The communtative principle of multiplication should be employed
early in the learning process. See Appendix A, Sample Worksheet No. 9,
for an example of a worksheet that might be used.

In new math, the precision of language has made it possible to teach
many ideas that were formerly considered too difficult for the elementary
age child. However, the slow learner fails at this point, because he cannot
understand the language, no matter how precise you are in your choice of
words. You cannot depend on explanation; you need to u§e examples and
demonstrations. You also should understand that there are words that
need to be used and many that are best left unspoken. You can teach a
child about the communtative properties of addition and multiplication
without eluding to the word commutative. FOr words related to math that
you believe you must use in teaching, proceed with caution, provide examples,
demonstrateand discuss. Figure eight shows an example of math language
that you might place on a bulletin board or up in some corner of the chalk
board. But, don't place it there and beiieve you have now found a solution,
you may have merely changed the nature of the problem by your efforts.

FIGURE 8

Language of Math

Addend Multiplicand
Addend Multiplier

Sum Product
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Jerome S. Bruner, in his book Process of Education,* indicates that you
can teach almost any concept to any child in some understandable way if
you can only find the proper language. The situation you face when you
work with the very young, the retarded or slow learning child is that of not
having a proper language to deal with. The solution is found in finding the
proper way to behave, primarily at a non-verbal level, without frustration,
to bring meaning and joy into the lives of the children. Do it with deeds.

The normal order of learning the multiplication facts should be revised

somewhat for the slow learning child. The first ideas to keep in mind is that
the zero (undoubtably one of the most important inventions of all time)
causes more trouble than it should. That is because it seems too simple and

we tend to pass it off lightly. Find ways to let the child comprehend that
no eights equal zero and no dogs cannot bark. If that language bothers you,
you may ask the child how much barking can you hear from no dogs. How-
ever you do it, it is important that the child learns the significance of zero
before he goes too far in what may start to appear like a formal math program.
The child should learn how to count by ones to twenty, by twos to twenty,
by threes to thirty, by fours to forty and by fives to fifty while he is beginning
to learn the significance of the multiplication process or operation. This can
best be done with daily practice using a chart similar to the one illustrated
in figure nine.

11

FIGURE 9

0 5 10 15 20 25 30 35

0 4 8 12 16 20 24 28 >

0 3 6 9 12 15 18 21 >

0 2 4 6 8 10 12 14 >

There are other types of charts that will be discussed later. However,
before we discuss them we would like to point out that anything that
appears to be drill should be used frequently and be of short duration.

The child will probably find multiplying by five easier than.multiplying
by three or four, hence we believe you should start with zero and one, then
two and then jump to the fives. After that you should work with the threes
and fours. You and the children should make multiplication charts. These
should be developed ahead of planned learning activities. For instance,
the first chart displayed might look like the example shown in figure ten.
The next addition should probably include all the multiplication facts
through nines.

*Bruner, Jerome S. Process of Education, New York: Vintage Books, A Division of
Random House, 1960.

15
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12

9 X 6 54

9 X 4 = 36

fundamental operations in mathematics

FIGURE 10

0 1 2 3

.1 1 2 3 4 5

2 2 4 6 8 10

3 3 6 9 12 15

4 4 8 12 16 20

5 5 10 15 20 25

After a child has learned the multiplication facts for the fives, fours,
threes, twos and ones, he should be encouraged to learn the nines next.
This is not in line with current curriculum design, but it does make sense
if one tries to c,4.) from simple to complex. For the sheer joy of learning,
the nines have it. Without too much effort on your part, you can develop
ten small squares of tag board or ten poker chips with numerals from one to
ten on them. You can get stick-on vinyl numerals at an art store to simpify
your task and follow the example shown in figure eleven and let the child
teach himself. We must not be offended if he learns better when we teach
less.

FIGURE 11

fifty lour

16



fundamental operations in mathematics

Most children are delighted with this discovery. You can even put tape

over their fingernails and number them from left to right. That way, the

child can practice his nines wherever he may be.

There are many times when drill appears to be necessary but it is

almost always more effective if you disguise what is being done and make

it appear like fun. The nines help. By the time a child starts working with

multiplication, he should be encouraged to look for patterns and relation-

ships in number and numeral situations.

For example, in figure twelve there are certain patterns demonstrated

with the nines that will deserve the title of relationships when children

are caused to discover them.

AGURE 12 Note:

9 X 1 = 9 = 9
9 A

9 X 2 = 18 = 1 + .8 = 9 18

9 X 3 = 27 = 2 + 7 = 9 27

9 X 4 = 36 = 3 + 6 = 9 36

9 X 5 = 45 = 4 + 5 9
Down

45

9 X 6 = 54 = 5 + 4 = 9 54

9 X 7. = 63 = 6 + 3 = 9 63

9 X 8 = 72 = 7 + 2 = 9 72

9 X 9 = 81 8 + 1 = 9 81

Because of our collective desire to cling to the tried and true, you will

surely want to resist teaching the nines (or better yet, letting the children learn

them) after they have completed the fives. However, we want you to know

that as far as we have been able toascertain, there is no research anywhere

that indicates the sixes must follow the fives. We do believe we can convince

you that nines are easier to learn than sixes and that most learning should pro-

ceed from the simple to the complex. Therefore, we will encourage you and

your children to develop number charts similar to the one pictured in figure

thirteen.

FIGUAS 13 1 2 3 4 5 6 7 8 9

1 1 2 3 4 5 9

2 2 4 6 8 1.0 18

6 9 12 15 27

4 4 8 12 16 20 36
5 5 10 15 20 25 45

6
54

63

8
72

18 27 36 45 54 63 72 81

17
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The first advantage we see in this type of chart is that the multiplier and
multiplicand stand out more dearly and hence are easier to define, at least
in terms of function. Secondly, when the chart is developed for the nines,
the children come to feel that the facts up through five times five should be
mastered. Your implied expectations along with their own developing self
concept are the two best allies you have in a learning environment. Third,
the empty space represents a frontier and all of us, at least part of the time,
enjoy that type of a challenge.

In a normal learning situation, the child is caused to learn the multi-
plication facts, more or less, through the fives as a one shot deal. In the
process, he normally learns that five nines equals forty-five. The child
would probably learn this more rapidly, which is very important for a slow
learner, if he could learn it as nine fives equals forty-five. As it is, learning
to count by two, three, four and five is something of an inverse operation
when compared with learning multiplication facts. To state it another way,
counting by five and multiplying by five employs the commutative properties
of multiplication in the learning process which makes it difficult for the child.

Perhaps, there is no way to make it easy, but a partial solution would
come if you reversed the process at least in part, by teaching the child that
nine times five equals forty-five before he learns all the fives, fours, threes,
twos and ones.

Learning number combinations is difficult when there is no discernable
number patterns or relationships to rely on. For example, President Kennedy
had a secretary named Lincoln and President Lincoln had a secretary named
Kennedy. Knowing that has little or no relationship to your survival, but
because of the relationship of names, it is going to be very difficult for you
to forget that fact. Now you may forget it, because you read it and never
wrote it or we might al§o say you listened but never told it. What is needed
is active rather than passive participation in a learning program where the
development of relationships between and among facts is a common practice.

For instance, if one looks for patterns in multiplication facts that might
act as an aid in helping a child learn, then the nines really are the easiest of
all and the sixes and threes have much in common and should be.related
in the learning process.

FIGURE 14

9 X 1 = 9 6 X 1 = 6

9 X 2 = 18* 1 + 8 = 9 6 X 2 = 12* 1 + 2 = 3

9 X 3 = 27* 2 + 7 = 9 .6 X 3 = 18* 1 + 8 = 9

9 X 4 = 26* 3 + 6 = 9 6 X 4 = 24* 2 + 4 = 6

9 X 5 = 45* 4 + 5 = 9 6 X 5 = 30* 3 + 0 = 3

*Add digits in product

3 X 1 = 3

3 X 2 = 6

3 X 3 = 9

3 X 4 = 12* 1 + 2 = 3

3 X 5 = 15* 1 + 5 = 6

18
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When you deal in magic you can attract a crowd. When children can add
and yet need more practice, encourage them to add the digits of the products
of a multiplication problem. You will be amazed with the number of
relationihips and patterns that can be developed.

You may question some of the suggestions that have been made and
others that will follow, 3nd it is proper that you do question and examine
the activities that take place in your classroom regardless of whether you
follow any suggestion put forth in this SECDC publication.

However, we believe we should try to justify some of the ideas that
have been and will be put forth here. We believe that even many of our
gifted students do a rather poor job of learning their arithmetic facts.
Learning the multiplication facts is very much like learning the names for
eighty new people that you meet for brief periods of time each week, and
there is probably not much of an emotional attachment for them as persons.
Because of that you could probably care less that Betty has red hair and
John has a big nose. Without some emotional involvement we cannot care
enough to really see, and without awareness concern is lacking. Relationships
involving math and people that interest us, motivate us to become aware of
likenesses and differences so that people become persons and number com-
binations become number facts.

Our responsibility as we see it, is to help children become aware of as
many interesting relationships as is possible inherent in the number system.
No child should have to memorize al/ the addition, multiplication, subtraction
and division facts, but all who are able should be permitted to know them.
The child should spend more time using data in his environment rather than
reacting right or wrongito the data available.

There is something of interest about every one of the multiplication
facts. This type of data does not make the facts easier to memorize but it
does give a child something he can work on and become interested in. For
example, three-fourths of the answers to multiplication problems are likely
to be even numerals.

FIGURE 15

odd x odci = odd
even x even = eVen
odd x even =---: even

even x odd = even

This type of data can be shared with children without placing on them the
obligation to know what is implied. Wherithe children are ready, they will
try to figure it out simply because it tends to be novel, rather than by using
conventional wisdom. When children feel inadequate, and most of them do,
the novel rather than the conventional excites them.
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It was mentioned earlier that the crder of learning the multiplication
facts could be altered to the benefit of the child. For instance, the threes,
sixes, and nines have much in common and the relationship among them
might help the child put it all together. The other facts also have some
interesting patterns that may interest at least some of your children.

FIGURE 16

8 X 1 = 8 8 X 6 = 48 4 + 8 = 12 <

8 X 2 = 16 1 + 6 = 7 8 X 7 = 56 5 + 6 = 11

8 X 3 = 24 2 + 4 = 6 8 X 8 = 64 6 + 4 = 10

8 X 4 = 32 3 + 2 = 5 8 X 9 = 72 7 + 2 = 9

8 X 5 = 40 4 + 0 = 4

1 + 2 = 3

1 + 1 = 2 <

1 + 0 = 1

When teachers help children see relationships, learning is enhanced.
When teachers fail to do this children will generate their own. For instance,
when adding, children will visualize cercain attributes in the numeral that
may or may not be present that aid in the counting process or operation.
Figure seventeen will indicate how some children apply visual clues when
other aids are not permitted..

FIGURE 17

2 Z 3
A

)3 4 7
11;,>

>5
5 6

A

Seven and nine are often extra difficult in addition. It might be better for
some chikiren if we distorted the shape of the numerals to enhance the
child's chance of success.

Other patterns that can be demonstrated with the basic multiplication
facts are illustrated in figure eighteen. Remember, a child should not be
expected to know the facts before he learns about the beauty in the patterns
that can be developed. We certainly cannot expect the child to know about
the basic facts of art, which include line and form, hamony and contrast
and color before he learns to appreciate a work of art. Speak of beauty
and order and children will listen.

20



fundamental operations in mathematics

FIGURE 18

7 X 1 = 7 7

7 X 2 = 14 1 + 4 = 5

7 X 3 = 21 2 + 1 = 3

7 X 4 = 28 2 + 8 = 10 =

7 X 5 = 35 3 + 5 = 8

7 X 6 = 42. 4 + 2 = 6

7 X 7 = 49 4 + 9 = 13 = 4

7 X 8 = 56 5 + 6 = 11 = 2

7 X 9 = 63 6 + 3 = 9

odd

even

5 X 1 = 5

5 X 2 = 10

5 X 3 = 15

5 X 4 = 20

5 X 5 = 25

5 X 6 = 30

5 X 7 = 35

5 X 8 = 40

5 X 9 = 45

4 X 1 = 4 4 2 X 1 =

4 X 2 = 8 2 X 2

4 X 3 = 12 1 + 2 =

I:31)

2 X 3 =

=
even

4 X 4 = 1.6 1 + 6 = 7 2 X 4 = 8

4 X 5 = 20 2 + 0 = 2 2 X 5 = 10 =

4 X 6 = 24 2 + 4 = ) 2 X 6 = 12 =
I

4 X 7 = 28 2 + 8.--10=1 2 X 7 = 14 = 5

4 X 8 = 32 3 + 2 = \5 2 X 8 = 16 = 7

4 X 9 = 36 3 + 6 = 9 2 X 9 = 18 =

It was previously indicated that three-fourths of all the answers to the
basic facts are even numerals; however, when you break them all down to
single numerals as was done infigures sixteen and eighteen about three-
fourths of the combinations add up to an odd numeral. What you just read
is of no value unless you are willing to go back and find out why that is true.

Children usually learn the names of their classmates and yet seldom
will you find a child who knows all the names of children in another class-
room in his building. The reason is probably obvious to you. It is a matter
of rather constant exposure as compared with what.might be called inter-
mittent exposure. It is not a case where the child memorizes one set of
names and fails to memorize a second set. .Rather, it is simply a matter of
coming to know from constant exposure. Most children cannot memorize
the many multiplication facts and yet most children can come to Know them.
The key is constant exposure, but not just to the problem, rather to the
problems and answers.

21
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Ask your children to memorize a poem and only a few will meet with
real success. Let the poem become lyrics for a song that you teach and
almost all your children will soon learn the words. More pre-schoolers have
learned the alphabet by setting it to music than was ever thought possible
by the traditional first grade teacher who used to spend hours trying to
pound those twenty-six letters into our tortured heads in something of a
sequential manner. Those who write the songs for the nation may have
greater control over our destiny than any of us can possibly comprehend.

The secret to learning is more than relationships, such as, relating
lyrics and song. There must also be joy in accomplishment. The words
work and/or play do not apply, but the words hard or easy should have
significance for both teacher and child. Without pride in accomplishment
there can be no joy. To accomplish something viewed as too easy diminishes
pride. The child must feel new power when he learns..The good teacher
should seek out methods to make all learning easy and yet the child should
be made to feel that all accomplishments come through hard work. To fail
at something easy is equivalent to being twice defeated.

It is very difficult to make some activities and learning appear hard
when they are introduced late in the life of a child. A high school student
just beginning to learn addition and multiplication facts is usually aware
that these facts are learned by most students while they are young children.
To cause a child to view such a task as difficult and worthy of pride in
accomplishment is not easy and yet the longer one waits beyond the teach-
able moment to learn a new skill, the more difficult it becomes. If a child
has the ability to learn understandable speech before formal education
begins, the ability to learn math combinations win surely be present before
the child is twelve. Just about all French speaking people would agree that
it is easier to learn basic math than a foreign language such as English. Of
course, they learn to speak French so well because of constant usage. All ideas
and languages are foreign until we are exposed to them.

There are different types of charts that can be helpful to the student as
he learns multiplication; and, as the student grows in ability it may help him
internalize, not jut the facts, but the meaning of multiplication. The charti
in figure nineteen can be extended and developed for each family of facts.

FIGURE 19

(Six)
6

1 - 6'
2 - 12
4 - 24
8 - 4 F,

Number Charts

(Seven)
7.

1 - 7

2 - 14
4 -

8 - 56

(Eight)
8

1 - 8
2 - 16
4 - 32
8 - 64

For instance, if you double eight you get sixteen; if you double sixty-four
you get one hundred twenty-eight. Therefore, sixteen times eight equals
one hundred twenty-eight. If the child needs to know what six times eight
equals, he can learn to add the product of two eights and four eights. In the
three charts presented, there are many answers that a child can find with the
use of addition.
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Number line segments, or color factor rods, or Cu isenaire Rods should
also be used with multiplication. A child can match up three fours and
demonstrate the commutative property of multiplication even if he doesn't
use the language to explain the process.

There are Certain multiplication processes that are not generally taught
or learned well in conventional math programs that can be a great help to
the learner if introduced and made a regular part of the math program.
Children should be encouraged to multiply by ten and double and possibly
redouble. When a child learns how to multiply by ten and twenty, it be-
comes a simple matter for him to learn how to handle one hundred and
two hundred with proper verbal encouragement. This type of activity should
be afthe verbal level for many days before you formalize it with written
assignments. If you will look again at figure twenty, you can see that twelve
times forty is relatively easy to compute while eight times forty is slightly

FIGURE.20

8 X 10 7 80 80 X 2 = 160 8 X 20 = 160

10 X 12 = 120 120 X 2 = 240 12 X 20 = 240

more difficult. When you double and redouble from one hundred twenty
to two hundred forty to four hundred eighty, there is no regrduping process
needed. However, when you go from eighty to one hundred sixty to three
hundred twenty, regrouping is needed.

When a child has memorized his facts he can infrite or state that four
times eight equals thirty-two. When he really knows his number combinations,
he should be able to state that h3rty times eight equals three hundred and
twenty. It may seem mechanical at first, but it is very useful later. If you
write five times six on the board and the children know it equals thirty, add
a zero to the multiplier and help them see the answer as three hundred. With
enough practice and discussion, this extension of the basic facts is learned
and can become particularly helpful later with division problems.

Always try to use simple numerals to teach difficult concepts. As your
children grow beyond the basic facts program the teaching of multiplication
should be done carefully. In figure twenty-one, there are two multiplication
problems that look somewhat similar and yet the first is much easier to do
than the second because of the problems implicit in regrouping.

FIGURE 21

32 46
X 4 X 5

One method you can use to help the child over this difficult area is that of
providing part of the solution and direct his activities as he responds to the
many practice problems he will need to do.
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FIGURE 22

32
X 4

onIal*MMOCOMEIVr,iestrrIVS,Veralretrt"t=f2R171.1

46
X 5

2

In each case in figure twenty-two, one of the three digits needed in the
answer is provided. In the first problem it really does not matter which
digit is provided but in the second the three in the tens column is definitely
the most difficult part of that problem. If the three place answer were not
directed by the dash numeral dash, many children would tend to respond
with an answer of two thousand and thirty. Letting the'children fill in spaces
for product or later on for partial product and product will increase the
likelihood of success and help provide that courage necessary to move on to
greater things.

When regrouping is first taught it should probably come with column
addition. To add another numeral on in an adding operation is probably
much easier than adding on a numeral during the multiplication operation.
The second problem in figure twenty-two is rather complex to a child. For
children who have a particular problem with this type of regrouping there
is a method that can be employed where the regrouping is all in the addition
operation and none is carried on in the multiplication operation. This
method has been used, with success, with children who have had difficulty
vvith multiplication.

FIGURE 23

r2 (-3 ----2 '

),_L2 ..J?.....i ......z.... _..P_1 5

7 4

In each of the two examples shown in figure twenty-three, there is a one
numeral multiplier and two place multiplicand. In both cases regrouping
would have been necessary in the multiplying operation using the traditional
method and yet it was avoided here. In other problems similar to the two
shown in figure twenty-three, regrouping in the adding operation might be
necessary, but never as part of the multiplication operation.

FIGURE 24
3 2

I 6

-2 7+71*--
2

. ..P

6

7 5

, 4 ...- 3
4! ,...-- 23 ...--

, 3 2

1. 5 -.- 5. !I 5

7. 5

8

24
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In the first problem shown in figure twenty-four the multiplicand is
the numeral thirty-two and the multiplier is the numeral thirty-eight. The
answer is 1,216 and there is some regrouping in the adding process. In the
second problem there was no need to regroup or carry as we use to say. All
the adding with this method is done on a diagonal.

The Lattice method of multiplication can be expanded considerably
and be a real help to a child that has trouble using the conventional aids
such as a number line or charts.

FIGURE 25

1

2

5

6

1

2

3

4

5

In figure twenty-five you can see the start of three bars for the twos,
threes and fours. You can readily see that one times 234 equals 234, and
two times 234 equals 468, but three times 234 is a bit more difficult to see
since you must add on the diagonal and regroup. Since the one and nine
equals ten you carry one and have an answer of 702. If you will look again
you can see that five times 234 equals 1,170. For a quick and accurate
answer this method is hard to beat. However, it works best when the bars
are side to side, without sPace between them.

A junior or senior high age child who has been unable to learn the basic
multiplication facts will often find regularArill ;ind practice with the basic
facts demeaning. It is sometimes necessarylo find methods that look more
complex even ihough the problems can be solved more readily by the student
in order to help the student save face. A method that can.be used is demon-

strated below in figure twenty-six.

FIGURE 26 8 8 L_ninus 2
X 7 X 7 3 X_ 6 --L-34

50

56 .

54
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This type of problem (figure twenty-six) looks complex, and therein lies
its virtue. The first problem, seven times eight, is solved by putting 8 plus
2 together for ten, and seven plus three together for ten. Multiply the three
times two for the six in the units or ones column and then subtract the
three from eight to achieve the five for the tens column. The second problem,
six times nine, is done using the same method. The four subtracted from
nine equals fifty, and the four times one equals four. The answer for six .

times nine if fifty-four. There are many variations for this type of problem
but it works best with the sixes, sevens, eights and nines. If you apply it to
numerals of less than five you will end up working with negative numerals
and if you apply the method to numerals over ten you will need to add and
subtract in different ways, depending on how the problem is stated.

FIGURE 27

12,-. 2 8 L 2 11,4. 1

X 8 2 X 12 2 X 12 2

100 100 130
4 4 + 2

96 96 132

X 15 5

200
+ 25

225

If you cannot figure out the variations without the help of further instruc-
tions, it is probably best to forget and not try to teach them to your students.
However, the first set suggested in figure twenty-six can be very helpful to
children in the higher grades who have not mastered the more difficult basic
facts.

It was suggested earlier that multiplication should follow addition in
the teaching-learning process. Students can apply the commutative
associative, and distributive properties to multiplication and addition but
not to subtraction and division. Addition and multiplication are related
and multiplication was invented in order to quantify equal sets a given
number of times without going to the problem of adding long columns of
numerals.

Subtraction is so unrelated to addition that it is difficult to use the
same type of learning aids in the teaching process. The number line is
probably the single most important exception. There is almost no way to
make charts that we are aware of that help children learn subtraction facts.
The number line can be used to great advantage early in the process and
one possible help is illustrated in figure twenty-eight.
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FIGURE 28

5 6 7 8 9 10 11

1 1 I

11 5 = 6

Go over the top for addition and under the line to signify subtraction. Keep
reminding children to count the spaces rather than the points on the line.
Color rods or color line segments that were discussed earlier can also be used

to the advantage of the child. The Count-A-Ladder or Count-A-Line teaching
aids can be used to real advantage in learning subtraction. Practice with flash
cards may be helpful but should only be used on a limited basis and should
not be used when they appear to encourage guessing.

We believe that early or initial work with subtraction should involve
subtracting small sums from five, and from ten. The child can relate to this
because he likely has five fingers on one hand and ten fingers on two hands.

If a child is at the finger counting stage you can encourage use of a
number line or you can put tape on his finger nails with numerals of one to
ten from left to right and let the child use his fingers. Most children leave
behind them those things or objects that would keep them dependent when
dependency no longer serves them well. This can include the use of fingers
in meth and the need for parent control as young adults.

Regrouping or borrowing in math involves a type of thinking that often
precludes real comprehension or meaning. Most adults in today's world do
not actually comprehend the true meaning of place and face value of numerals,
and without that understanding borrowing is and has been essentially a
mechanical process or operation. If it truly is a mechanical operation for
the average adult it is probably best to treat it as a mechanical operation for
the retarded child or for any young child. You probably should attempt to
teach some meaning but there is much about conventional regrouping in
subtraction that is difficult for the young child to comprehend. The zero
that becomes a nine during the regrouping process is always difficult to
understand. A method that might help at least some of your students is
illustrated below in figure twenty-nine.

FIGURE 29

3,000 4.233 A3(2°) (39) (13°)

900 1,564 1 5 6 4

90
+ 10

2 6 6 9

4,000

In the problem, all the 'regrouping (borrowing) is completed as one oPeration.
The four thousand becomes three thousand plus nine hundred plus ninety
plus ten. The child must then add ten and three and subtract four; add nine
and three and subtract six; add nine and two and subtract five and finally
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subtract one from three. This method may appear cumbersome and

mechanical at first but more meaning can be generated with this technique
than with the conventional method and the bothersome zero when included
in the problem is not an issue.

In the regrouping process children generally have less trouble with
carrying than with borrowing. Using the method described above the children

can make the borrowing a mechanical process and perhaps the carrying can
become a meaningful process.

FIGURE 30 (1\

5,000 6,372 "6 ) 3, (794)

900 2,456 2, 4 5 6
90

+ 10
3, 9 1 6

6,000

In figure thirty, all the borrowing process is achieved when 6,000 becomes
5,000 plus 900 plus 90 plus 10. However, it was necessary to regroup again
when working the problem. It was necessary to carry one, a process that
appears to be easier for children than that of borrowing.

There are many teaching aids that will help your children learn basic
operations. The idea of using cards or sticks placed in pockets representing
ones, tens and hundreds can be helpful in learning to subtract.. The simple
abacus should also be used if available. The Japanese abacus is much too
complex for most mentally retarded children and should be avoided. During
the initial learning of subtradtion, students can use 'poker chips and either
physically move or cover that number to be subtracted to determine the
difference. Working at this level the child can find answers with6ut going
to the trouble of regrouping.

FIGURE 31

o U Elqls(
o \tq

oolsItt
15 6 = 9

Slow learning children should have a great deal of practice crossing
out circles or squares on a paper or moving poker chips around on a desk
top to generate problems and answers. Work with arrays can be very helpful
in understanding math. While it is wrong to put in too much data at any one
time with children, the array pictured above can be used to show that three
times five equals fifteen, or that two-fifths of fifteen equals six, or that
three-fifths of fifteen equals nine. Arrays have all types of use in math and
when poker chips or cardboard disks are used children are permitted to
participate at an active level and learning is enhanced. Using arrays, the .

teacher can create different problems rapidly- and allow children to discover
the problem or the answers. An overhead projector and a number of coins
will work very well for this type of teacher-directed activity.
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DivisiOn is generally thought of as long or short division and is related
to subtraction. Division like subtraction is difficult to learn with the use of
number charts but number lines can be used with initial learning exercises.
Flash cards with answers exposed can also be placed around the room and .

will aid the child in his efforts to know.

FIGURE 32

2 times

10 = 20
20 = 40
40 = 80

100 = 200
50 = 100

100

50

10

7

3

10
. 20
40

.100
50

times

= 30
= 60
= 120
= 300
= 150

100

4 times

10 =
20 =
40 =

100 =
50 =

40
80
16 0
400
200

50
2 I 334

200
31 445

300
4 1 274

200-->

-4 40 --->15134
100

145
120

74
60

-->34
20

25
15

14
.1 2

--> 3---> 5

14
14

10
9

r 2 68
3

0 167 r = 1 148

When children first learn long division you should avoid using a trial
divisor method which is nothing more than another form of guessing, a
practice that should not.be encouraged. If you will develop for each of the
first ten numbers multiPlication charts similar to those shown on figure
thirty-two, the children can learn to treat division as a form of serial sub-
traction that undoes multiplication. The charts make it possible for a child
to devote his mental energy to the serial subtraction or division aspect of
the problems to be completed. This method improves accuracy and leads
to a more experimental approach to long division.

FIGURE 33

5 times 6 times 7 times

10 = 50 10 = 60 10 = 70
20 = 100 20 = 120 20 = 140
40 = 200 40 .= 240 40 = 280

100 = 500 100 = 600 100 = 700
50 = 250 50 = 300 50 = 350

DIVISION
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In figure thirty-three, the basic multiplication charts for five, six and
seven are shown. You are requested to notice that each of the charts uses
doubling, for instance, ten times five equals fifty, therefore, twenty times
five is twice the value and forty times five is four hundred or twice the value
of twenty times five. Halving is also used arid consequently if we know that
one hundred times five equals five hundred, half that amount is two hundred
and fifty or fifty times five. If the children can help the teacher generate
this type of data for the first ten numerals, they are ready to do long division
using the first ten numerals as divisors. If the children cannot do that, then
doing long division using the charts will be largely a meaningless operation.

When children divide in the long division operation, they must multiply
and subtract, the number of times necessary, to partition the dividend ac-
cording.to the dictates of the divisor. This is using two operations to
accomplish a third operation and the process is complex and confusing to
most children. If the operations are separated and applied slowly as the
children prove themselves ready, your joy will be increased.

FIGURE 34

8 times

10 = 80 (a) 8 X 30 = 80 + 160 or 240
20 = 160 (b) 8 X 60 = 160 + 320 or 480
40 = 320

100 = 400 (c) 8 X 24 = 160 32 or 192
50 = 400 (d) 8 X 15 = 80 + 40 or 120

As children grow, they can be encouraged to find answers similar to
those shown in figure thirty-four by using the data available on the charts.
In problem (a), if ten time eight equals eighty and twenty times eight equals
one hundred sixty, then thirty times eight equals two hundred forty. In
problem (d), if fifty times eight equals.foLir hundred, then five times eight
equals forty and add that to the product of ten times eight and you have
the product of fifteen times eight or one hundred twenty. It is not simple
but it can become meaningful and the use of'charts in division will reduce
error and guessing; and will, in some cases, stop the feeling of hopelessness
that some children feel.

The secret to success in using this method for long division will come
when we learn that long division should be made as easy as possible during
the learning process and more than that, it should be academically honest.
The traditional method used by most adults does not help children truly
understand the meaning impliedby the process.

30



".t:P1,7,9`40001.

time

M.M.SETintr=1-.42.-h.:"7715.57Inn

A listing of a variety of activities
for learning about time, money and measurement are available in an earlier
SECDC publication entitled Planning an Arithmetic Curriculum, published
November, 1968.

Any listing of this nature should not limit your imagination and search
for meaningful activities. The one reason we did not create an extensive list
of activities for you to refer to as you look for methods to use in teaching
is related to the problem of dependency. Teachers that are constantly in-
formed about means of achieving specific ends fail to develop the one
characteristic that leads to future success- an open, trusting and imaginative
mind.

Please remember, if there is information you want the students to
learn and use, make this information available to them in the form of data
sheets they can keep in their desks or on wall charts they may refer to when
needed.

Telling time is very important in the world beyond the school and
some students will never learn how to tell time unless it is considered impor-
tant within the classroom. Perhaps the best way to demonstrate the importance
of knowing how to tell time is to select students to stop or start a new activity
by watching for the correct time on a wall clock or a watch that the student
is permitted to wear. When the classroom teacher always determines that it
is time to go to recess or lunch or put away the reading books and get out the
spelling workbooks, the child is not encouraged to know or be concerned
about time. There is probably even good reason to cover the wall clock and
allow only a few selected students to wear watches and inform the others
when scheduling changes should take place. Once you establish the importance
(*students knowing what time it is, learning will likely take place very rapidly.
However, to teach children how to tell time before most of them can count
to sixty or count by fives to fifty or sixty and before they comprehend the
concept of less than and more thah, as well as before and after, may be an
exercise in futility. On the other hand, the social demands placed on most
children by age eight are such that learning how to read a clock at least in
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terms of fifteen and thirty minutes after the hour and fifteen minutes
before the hour has some significance.

There is a good deal of versatility in the English language that allows
Us to read fifteen minutes to ten as nine forty-five, and this must be a
source of confusion to the young child. From what we have been able to
ascertain from looking at other languages, as well as our own, it is probably
best to use the half hour as the dividing line and speak of time as so many
minutes after or before the hour. Initially, speak of fifteen minutes before
ten rather than fifteen minutes to ten and this too should help with com-
prehension. The key to success in learning time may be found by listening
to children carefully and attempting to hear precisely how they discuss
time.

Most of us have some problems with time long after we have learned
how to read the face of a clock. Boring or painful periods in our lives
appear to literally slow down the sweep of the hands on the clock while
at the same time our longer units of time such as weeks, months and years
may appear to move around us more rapidly. The happy child and adult
should find greater achievement and success in the present and his short
blocks of time should move rapidly while his years stretch out to increase
his moments of joy.

To help a child gain a perspective on time you can teach him to count
seconds to sixty without the benefit of a sweep hand. A system that has
been used is that of counting one thousand one, one thousand two, etc.;
preceding each counting number by the words one thousand. This forces
the student to use up a full second for each of the counting numbers and
helps the child to conceptualize the meaning of time passing in constant
units. Early in the lives of children, time passing can be related to short or
long television programs. Even distance as it relates to a trip should be
described in terms of time units rather than miles and a one hundred-mile
trip in a car can be discussed as something that is as long as two long (two
one-hour) television programs.

Other ways to encourage children to become aware of time and the
passage of time is to encourage them to guess units of time such as five- or
ten-minute periods. You can ask the children to tell you when the next ten
minutes have passed and see which child can come the closest to giving a

correct response. The more mature children are much more likely to be
able to wait the full ten minutes to respond or indicate that time is up.
Rewarding the child that comes the closest to the correct time may help
all the children gain a better appreciation for the meaning of time and
consequently makes learning how to read a clock more meaningful. You
can also ask questions such as how many more minutes do we have before
we break for lunch or go to the playground. Knowing how to tell time
should not be essential for entering into such activities.

FIGURE 35
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time

There are many types of clock and watch faces to learn. The slow
learning child is sure to be disturbed if too many different varieties of clocks
are introduced during the initial learning periods. It is probably best during
the elementary years to use only the face with the twelve numerals the child
can easily recognize and understand. Later when various types of clock faces
might be used or discussed, transfer of training will be greatly enhanced if
all the clocks will have minute and hour hands in approximately the same
position. When real transfer takes place additional instruction is not necessary.

The concept of time is abstract and difficult to comprehend for most CONSIDERATIONS

slow learners. It involves the use of specific devices and language such as the
calendar, clock, watch, month, day, hour, A.M., P.M., and many more.

Initially, it will probably be easier for students to understand the con-
cepts presented if you are consistent in the use of auditory, visual and tactile
materials. Use one type of clock face and set of numerals to avoid confusion.
Eventually, you will be able to introduce clock faces with different types of
numerals or those that show no numerals.

Do not skip from one concept to another'. Be sure that students have
mastered skills in a sequential order before presenting additional information.

Traditionally, the concept of time is taught over a three-year period so
do'not feel that you are compelled to cover this concept in three or four
lessons.

The calendar should be taught in a separate unit that sequences the
components of day, week, month and year.

If students have mastered the following list of skills, it will make PREREQUISITE

learning the concept of time easier. SKILLS

1. Count by l's to 60, with or without the use of a number line.
2. Count by 5's to 60, with or without the use of a number line.
3. Be able to diitinguish between before and after.
4. Be able to distinguish between long and short.
5. Know fractional parts of % and 1/2.

The suggested learning sequence, activities and reinforcements are
by no means complete but are merely examples that we hope will assist
you in developing lessons on this topic.
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time
sample date sheet no. 1

Little hand tells the hour.

Big hand tells the minutes.

1 day = 24 hours (little hand goes around the clock 2 times each day)

1 hour = 60 minutes (the big hand goes around the clock 24 times each day)

12 o'clock at night until 12 o'clock noon is caned A.M.

12 o'clock noon until 12 o'clock midnight is called P.M.

38

33

VOCABULAR

minute hand
hour hand
A.M.
P.M.
morning
afternoon
noon
midnight
o'clock
clockwise



time
sample data sheet no. 2

on the hour

5 minutes before 1 1 1 5 minutes after

10 minutes before

15 minutes before

20 minutes before

10 minutes after

15 minutes after

20 minutes after

25 minutes before 7 25 minutes after

half hour

You may wish to use practice sheets available from the Continental Press, Inc.,
or make your own which will specifically relate to the tasks and concepts you
have introduced. Either way, remember that a great deal of practice is necessary.
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time
sample Morning center activity

1 2

37

3

Clock faces may be made on the back of paper plates and the hands can
be attached with a brass fasterner. Students can make clocks like these
for their own use.

Sample record sheet for learning center.

3.

4.

o'clock

o'clock

o'clock

o'clock

o'clock

Name .

Date

Activity No. 1

You can use this record sheet to keep track of how students are progressing.
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time
sample bulletin board

39

OUR DAY

(or date)

10

9 <

6
Reading

Arithmetic Go Home

1. Teacher should discuss and place hands on appropriate settings until students have developed
the skills necessary for them to assume this responsibility.

2. Moveable hands.

3. Changed every morning in planning.

39



dme
sample worksheet

start here

11 12

Verbal directions should be used in telling students where to begin, where
to place numbers, and in what direction they should proceed.

Another worksheet similar to this one could be used without the starting
point or direction indicated to check studendskills.
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fOL
measurement

Our lives would all be less
complex if this country were on the metric measurement system, but this
is not to be, at least for some time. Hence, our children need to develop
some skills working with the antiquated British system of measurement.
Your work would be simplified if there were ten inches in a foot and ten
ounces in a pound, but that too cannot be, so your job is difficult and the
scope and sequence of experience in the teaching of measurement is very
important. . .

Before we share with you a few ideas that may help as you attempt to
teach measurement, we would like to share with you a bit of data that has
been generated in our classes at the university. Most young adults forget a
majority of the specific facts that are taught about measurement in the
first eight or nine years of formal education. Apparently, much that is
presented has little relevance in the lives of the students and is not retained
very long after the examination covering the unit on measurement. The
secret to success in learning measurement will be found when you don't
teach it, but instead use it. Bake a cake, map out a city block and build it
to a scale, determine the weight of the air in the room, or any one of a
hundred different projects involving measurement.

Some of the first work with measurement can be that of collecting
data on outside temperature and plotting it on a weather chart. You can do
this at two or three different times during the day and permit different
children to read the clock and the thermometer. Permitting children to
place different color marks on a chart for different times of the day you will
have created many different experiences in one activity. The children wil
need to know the day of the month, the temperature outside, the time of
the day and the proper color for marking.

It is probably best to avoid spending too much time discussing the
differences between liquid and dry measures since nearly all children forget
this before they reach the age of seventeen, but children should be allowed
to discover how many cups in a pint, how many pints in a quart and how
many quarts in a gallon. This they can do in or around a school building

41



44 measurement

CONSIDERATIONS

when the proper size containers are provided and a hose is connected to a

water outlet. To keep the children from throwing water on one another you
might have them water the trees and plants in the area around the school
with all the water they place in the various containers after they have dis-
covered how many cups of water are needed to fill a gallon container. You
can also have the children learn that a pint of water weighs sixteen ounces
or a pound by having them state: A pint's a pound the world around.

Children can learn that water boils at 212° F. and a cooking ther-
mometer will stay right at 212° F. unless you use a pressure cooker. You
can also freeze a thermometer in a block of ice and take it to school and
observe the temperature as the ice melts.

To teach linear measurement the children can be permitted to cut
strips of paper to various lengths and weave different size paper mats. The
ten- to twelve-year-old child can be taught to take steps approximately equal
to two feet in length and pace off city blocks or distances within a classroom
or building and develop scale models. This helps the child do work with the
ruler and gives the child a real sense for distance.

If you want to build buildings to scale you can use tag board or light-
weight cardboard. Children might.like developing log cabins and this can
be done by gluing pretzels (the straight variety) with white glue or paste
and building one wall at a time. When you get four walls glued together
put on a tag board roof, smear it with glue and sprinkb on coffee grounds
and you will have a log cabin. Develop a little frontier village to scale and
your children will learn a great deal about cooperation and the use of linear
measurement.

If a child never learns that there are 5,280 feet in a mile he can still
survive and do well in the larger society. However, we should develop some
feeling for the meaning of a mile, and a walk four times around a city block
is a rough approximation of that. Let the children walk the distance and
estimate the number of miles one could walk in one hour, and you will add
to their health and knowledge and the experience is real. When math experts
speak of the meaning theory of mathematics or of discovery as a method to
employ, they do not mean to infer that all math has real meaning or that
children are likely to rediscover all that is known. With slow learning
children, often the best that can be hoped for is that many of their math
experiences will have an emotional impact and be retained because of the
joy of accomplishment that comes into the lives of the children. It is always
better when we can do something with those concepts they are learning.
With measurement, that is not only possible, it is probably necessary.

In the preceding narrative, it was mentioned that most facts about
measurements are forgotten once the unit is completed. This was in no way
meant to deemphasize the importance of measurement concepts. It does,
however, emphasize the importance of practical application of these skills
when they are being taught.

Keep in mind that students in the regular classroom learn these skills
over a period of several years. Do not be as concerned about how many
concepts are presented as how well the students are able to appropriately
use those they are able to perceive.



measurement

If students are capable of appropriately applying the following skills PREREQUISITE

and concepts, it will be easier for them to comprehend concepts dealing SKILLS

with measurements.

1) Use of the number line.
2) More and less; smaller and larger; long and short; as well as

heavier and lighter.

,
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modsurovient
1011ple data sheet

Linear Measures

12 inches (in.) = 1 foot (ft.)
36 inches (in.) a 1 yard (yd.)

3 feet (ft.) = 1 mile (mi.)

5,280 feet (ft.) = 1 mile (mi.)
1,760 yards(yd.) a 1 mile (mi.)

Jo) .1pn .rrt. kn.

. . .

Weight Measures

16 ounces (oz.) = 1 pound (lb.)
2,000 pounds (lb.) = 1 ton (T.)

51

Liquid and Dry Measures

2 measuring cups (C.) = 1 pint (pt.)
2 pints (pt.) = 1 quart (nt.)

4 quarts (qt.) = 1 gallon (gal.)

3 teaspoons (tsp.) = 1 tablespoon (tbsp.)

4 tablespoons (tbsp.) = 1,4 cup (C.)

4 8



measurement
umple worksheet no.

(a) 36 inches = yards

72 inches = yards

108 inches = yards

(b) 3 feet = yards

6 feet = yards

12 feet = yards

(c) 1 yard = inches

3 yards = inches

4 yards = inches

(d) 1 yard = feet

3 yards = feet

5 yards = feet

(e) 4 feet = yards and feet

7 feet = yards and feet

10 feet = yards and feet

(f) 48 inches = yards and feet

60 inches = yards and feet

(g) 53 inches = yards, feet and

76 inches = yards, feet and

49

inches

inches
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measurement
sample learning center activity

Item

1. rock

2. your weight

3. your weight

4. eraser

5. book

6. yonr pencil

7. your teacher

Type of Scale

pd. scale

nurse's scale

bathroom scale

ounce scale

pd. & oz. scale

ource scale

bathroom scale

Set up stations with objects
and appropriate scale.

Student Record Sheet

1. rock lb.

2. your v.eight lb. oz.

3. your weight lb.

4. eraser oz.

5. book lb. oz.

6. your pencil oz.

7. your teacher lb.

Instruct students to weigh objects indicated and
record weights on their record sheet as indicated
above.
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57
sample *washers no. 2

cups 12 1 pint

cups = 1 quart

pints = 1 quart

cups e 1 gallon

pints = 1 gallon

quarts = 1 gallon

Use actual containers and let students fill in the blanks by measuring water.
Give directions verbally and demonstrate to students.
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ammAill

money
Money may not be the root of

all evil, but for children who never possess any, and never have an oppor-
tunity to spend any, it must be a cause of much distress when they must
learn how to do something they have not done and are not likely to do for
some time to come. Learning about money is often unreal.

Play money and playing store may be fine for the average child but by
the time a slow learning child is ready to handle money and make change,
play money and playing store may be the type of activity that will turn the
child off. Most children get their most meaningful experiences with money
through home and store activities. It would appear that children will probably
learn best about money if the real item is used and the child is allowed to
make change of all types while working in small groups with close supervision.

The school could make a real contribution to the child's comprehension
of money if they would permit children to purchase certain small items for
some activities in the classroom. The key to understanding money, as is
true with time and measurement, is that the experiences must be as real as
possible. It is impossible to do math without symbols; it is unnecessary to
do many math-related activities with symbols. To attempt to teach new
concepts before the so-called teachable moment leads to frustration and
avoidance behavior. Your task as we view it is one of constant discovery
about what each child is ready to do and then encouraging each child to
expand his perceptual world by doing, and keep in mind that each child is
ready to learn something by participation in his own learning.

The previous narrative suggests that real money should always be wed CONSIDERATIONS

in presenting, practicing and reinforcing the concepts to be learned. Thia
procedure is the ideal and may not be feasible in your situation. If not, at
least obtain the type of play money that most closely resembles real cash.
Be sure, however to provide as many expetiences as possible with real money.

If you are like most of us, you have not developed a real understanding
of the value of money, so do not be discouraged if your students find it
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money

difficult to comprehend this nebulous concept. Be specific about what
you want them to learn and practice. Proceed through the learning sequence
at a rate commensurate with the student's comprehension and mastery of
skills.

For most of us, it takes a great deal of practice in order to become
accurate in manipulating and exchanging money. Please provide your
students with as many realistic experiences as possible.

PREREQUISITE SKILL If the students have mastered the following skill, they will probably
find it easier to learn about money:

1. Counting by l's, 5's, 10's, to 100, with or without a number line.

2. A functional use of the concept: more than and less than.
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money
sample data sheet no.

Penny

Nickel

Dime

Quarter

Half dollar

One cent
1 cent -- 1 $ .01

Five cents
5 cents 5 $ .05

Ten cents
10 cents -- 10 $ .10

Twenty-five cents
25 cents -- 25 -- $ .25

Fifty cents
50 cents 50 -- $ .50

The Continental Press, Inc. has a variety of ditto masters that may
be used to help develop these concepts and provide meaningful practice
in recognizing the names, markings, sizes and ways of expressing the
values of coins.
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money
sample data sheet no. 2

100 pennies = 1 dollar

20 nickels = 1 dollar

10 dimes = 1 dollar

4 quarters = 1 dollar

2 half dollars = 1 dollar

Illustrated data sheet may be helpful to some students.



money
sample learning center activity

69

Instruct the students in a variety of the ways that each value
may be expressed by different combinations of coins.

forty -th ree cerrts

rsTienteen cerrfs

rtwerty-two cents
1

certs

Make cards out of heavy tagboard. Be sure they are
large enough to accommodate all the combinations of
coins possible.
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money
sample worksheet

Addition

Type A: Problems without remembering (carrying).

$ .13 $5.73 $14.06 $ .31

+ .54 +.22 +3.91 .15
+ .52

Type B: Problems with remembering in ones column.

$ .73 $1.29 $16.58 $12.25
+ .17 +.53 +1.27 1.45

+ .21

Type C: Problems with remembering only in tens column.

Type 0: Problems with remembering only in hundreds column.

Type E: Problems with remembering in ones and tens columns.

Type F: Mixed types of problems.

Subtraction

Sequence subtraction problems.
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summary
What is presented in this SECDC

publication is not a curriculum guide or a course of study. It is not related
to any scope and sequence chart that we are aware of. it was our intent to
give readers ideas that might have some practical use in some classrooms for
a limited time during the academic year. We are cognizant that some children
may be involved in certain types of activities discussed in this publication at
age ten and others will not be able to replicate the activity and learning prior
to age fifteen. The classroom teacher working with the slow learning child
should remain sensitive to ability as well as needs. We need to understand
that children want to improve their ability to cope with life's problems and
when avoidance behavior is used, the proper sequencing of experience has
been overlooked resulting in fragmented skill development. We also believe
that when a child has failed to learn a specific skill, when the teacher has
used a rather specific method, it is wrong to remind the child of his inadequacy
by going back over the same ground a second or third time. We must look for
new ways of teaching or reteaching concepts when the child has resorted to
avoidance behavior.

We wish you luck; we know your task is difficult.
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appendix a
worksheet no. 1

77

wilich is more ?

oj or (0 0)

) or
(o 0

0 0)

( )
000
0 0 0

0

Directions: Ask the child which is more. Do not show approval or disapproval;
if space seems to mean more than number go back and ask the child to count
the numbers in each set and tell you again which is more. If aftei- counting the
child still indicates space is more important than number he wili not be ready to
work with number combinations. Remember, no matter how the child responds
he is correct. If you retest at a later time it is probably best to use solid objects
arranged in different patterns with clearly discernable space differences. If the
child is unable to count, you might encourage and arrange for him to view
Sesame Street.
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